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A ball of mass m is thrown vertically upwards from the ground with an initial
speed U. When the speed of the ball is v, the magnitude of the air resistance is
mkv, where K is a positive constant.

By modelling the ball as a particle, find, in terms of u, k and g, the time taken for
the ball to reach its greatest height.
®)

A smooth uniform sphere P of mass m is falling vertically and strikes a fixed
smooth inclined plane with speed u. The plane is inclined at an angle 6, 6 < 45°,
to the horizontal. The coefficient of restitution between P and the inclined plane
is e. Immediately after P strikes the plane, P moves horizontally.

(a) Show that e = tan? 6.
(6)
(b) Show that the magnitude of the impulse exerted by P on the plane is mu sec 6.
)

A pilot flying an aircraft at a constant speed of 2000 kmh~' detects an enemy
aircraft 100 km away on a bearing of 045°. The enemy aircraft is flying at a
constant velocity of 1500 kmh~' due west. Find

(i) the course, as a bearing to the nearest degree, that the pilot should set up in
order to intercept the enemy aircraft,

(ii) the time, to the nearest s, that the pilot will take to reach the enemy aircraft.

(3]
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Figure 1

A smooth uniform sphere S of mass m is moving on a smooth horizontal table.
The sphere S collides with another smooth uniform sphere T, of the same radius
as S but of mass km, k > 1, which is at rest on the table. The coefficient of
restitution between the spheres is e. Immediately before the spheres collide the
direction of motion of S makes an angle @ with the line joing their centres, as
shown in Fig. 1.

Immediately after the collision the directions of motion of S and T are
perpendicular.

(a) Show that e = &

(©)
Given that k = 2 and that the kinetic energy lost in the collision is one quarter of
the initial kinetic energy,

(b) find the value of 6.
(6)

TURN OVER FOR QUESTION 6
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Figure 2
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In a simple model of a shock absorber, a particle P of mass m kg is attached to
one end of a light elastic horizontal spring. The other end of the spring is fixed at
A and the motion of P takes place along a fixed horizontal line through A. The
spring has natural length L metres and modulus of elasticity 2mL newtons. The
whole system is immersed in a fluid which exerts a resistance on P of magnitude
3mv newtons, where v m s~! is the speed of P at time t seconds. The compression
of the spring at time t seconds is X metres, as shown in Fig. 2.

(a) Show that

2
LI
dt dt
)
. dx
Given that whent=0, x=2 and a =4,
(b) find X in terms of t.
®)
(c) Sketch the graph of X against t.
(2)
(d) State, with a reason, whether the model is realistic.
1)
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Figure 3

4a

A uniform rod AB, of mass m and length 2a, can rotate freely in a vertical plane
about a fixed smooth horizontal axis through A. The fixed point C is vertically
above A and AC = 4a. A light elastic string, of natural length 2a and modulus of
elasticity +mg, joins B to C. The rod AB makes an angle 6 with the upward

vertical at A, as shown in Fig. 3.
(a) Show that the potential energy of the system is

—mga[cos 6+ (5 — 4 cos )] + constant.
)

(6)

(b) Hence determine the values of @ for which the system is in equilibrium.

END
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Figure 1

Two smooth uniform spheres A and B, of equal radius, are moving on a smooth
horizontal plane. Sphere A has mass 2 kg and sphere B has mass 3 kg. The spheres
collide and at the instant of collision the line joining their centres is parallel to i.
Before the collision A has velocity (3i — j) m s™' and after the collision it has velocity
(-2i — j) m s7!. Before the collision the velocity of B makes an angle « with the line
of centres, as shown in Fig. 1, where tan « = 2. The coefficient of restitution between
the spheres is £ .

Find, in terms of i and j, the velocity of B before the collision.

®

The engine of a car of mass 800 kg works at a constant rate of 32 kW. The car travels

along a straight horizontal road and the resistance to motion of the car is proportional

to the speed of the car. The car starts from rest and t seconds later it has a speed of
-1

vms .

(a) Show that

Ship A is steaming on a bearing of 060° at 30 km h™! and at 9 a.m. it is 20 km due
west of a second ship B. Ship B steams in a straight line.

(a) Find the least speed of B if it is to intercept A.
3
Given that the speed of B is 24 km h™!,

(b) find the earliest time at which it can intercept A.

™

NI10812 2

SOOV% =32000 — kv, where K is a positive constant.
3
Given that the limiting speed of the car is 40 m s, find
(b) the value of k,
2
(c) vinterms of t.
()]
Figure 2
A
2a ‘b 2a
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C

Four identical uniform rods, each of mass m and length 2a, are freely jointed to form
a rhombus ABCD. The rhombus is suspended from A and is prevented from
collapsing by an elastic string which joins A to C, with ZBAD =26, 0< 0< {7, as
shown in Fig. 2. The natural length of the elastic string is 2a and its modulus of
elasticity is 4mg.

(a) Show that the potential energy, V, of the system is given by

V = 4mga[(2 cos 8- 1)*> — 2 cos 8] + constant.

(©)]
(b) Hence find the non-zero value of @ for which the system is in equilibrium.

“@
(c) Determine whether this position of equilibrium is stable or unstable.

@
Ni0s12 3 Turn over
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At time t = 0 particles P and Q start simultaneously from points which have position
vectors (i — 2j + 3k) m and (—i + 2j — k) m respectively, relative to a fixed origin O.
The velocities of P and Q are (i + 2j — k) m s~ and (2i + k) m s~' respectively.

(a) Show that P and Q collide and find the position vector of the point at which they
collide.

®
A third particle R moves in such a way that its velocity relative to P is parallel to the

vector (—5i+4j—k) and its velocity relative to Q is parallel to the vector
(-2i +2j — k).

Given that all three particles collide simultaneously, find
(b) (i) the velocity of R,

(ii) the position vector of R at time t = 0.

)
Figure 3
P
A 200000900 209000 @9 Q200000 0000A000 B
0
2m 2m

A particle P of mass 2 kg is attached to the mid-point of a light elastic spring of
natural length 2 m and modulus of elasticity 4 N. One end A of the elastic spring is
attached to a fixed point on a smooth horizontal table. The spring is then stretched
until its length is 4 m and its other end B is held at a point on the table where
AB =4 m. At time t = 0, P is at rest on the table at the point O where AO =2 m, as
shown in Fig. 3. The end B is now moved on the table in such a way that AOB
remains a straight line. At time t seconds, AB = (4 + £ sin 4t) m and AP = (2 + x) m.

(a) Show that

2
94X x=sinat.
dt
6))
(b) Hence find the time when P first comes to instantaneous rest.
a12)
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A boy enters a large horizontal field and sees a friend 100 m due north. The friend is walking in
an easterly direction at a constant speed of 0.75 m s~'. The boy can walk at a maximum speed
of Ims™.

Find the shortest time for the boy to intercept his friend and the bearing on which he must travel
to achieve this.

(©)

Boat A is sailing due cast at a constant speed of 10 km h™!. To an observer on A, the wind
appears to be blowing from due south. A second boat B is sailing due north at a constant speed of
14kmh™!'. To an observer on B, the wind appears to be blowing from the south west. The
velocity of the wind relative to the earth is constant and is the same for both boats.

Find the velocity of the wind relative to the earth, stating its magnitude and direction.

Q)]

A small pebble of mass m is placed in a viscous liquid and sinks vertically from rest through the
liquid. When the speed of the pebble is v the magnitude of the resistance due to the liquid is
modelled as mkv?, where K is a positive constant.

Find the speed of the pebble after it has fallen a distance D through the liquid.
(€8]

NI1080SA 2

Figure 1

C A

Figure 1 shows a uniform rod AB, of mass m and length 4a, resting on a smooth fixed sphere of
radius a. A light elastic string, of natural length a and modulus of elasticity 3 mg, has one end

attached to the lowest point C of the sphere and the other end attached to A. The points A, B
and C lie in a vertical plane with ZBAC =26, where < %

Given that AC is always horizontal,

(a) show that the potential energy of the system is

% (16 sin 26+ 3 cot?d — 6 cot ) + constant,

Q)
(b) show that there is a value of 6 for which the system is in equilibrium such that

0.535 < 9<0.545.
(6)

(c) Determine whether this position of equilibrium is stable or unstable.

(©)]
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A particle P moves in a straight line. At time t seconds its displacement from a fixed point O on
the line is X metres. The motion of P is modelled by the differential equation

2
d—;( +2g +2x =12 cos 2t — 6 sin 2t.
dt dt

Whent=0, P is at rest at O.

(a) Find, in terms of't, the displacement of P from O.

an
(b) Show that P comes to instantaneous rest when t = %
(0]
(c) Find, in metres to 3 significant figures, the displacement of P from O when t = %
2
(d) Find the approximate period of the motion for large values of t.
()]

NI1080SA 4

Figure 2

d2 W

A small ball Q of mass 2m is at rest at the point B on a smooth horizontal plane. A second small
ball P of mass m is moving on the plane with speed 12 u and collides with Q. Both the balls are
smooth, uniform and of the same radius. The point C is on a smooth vertical wall W which is at a
distance di from B, and BC is perpendicular to W. A second smooth vertical wall is
perpendicular to W and at a distance dz2 from B. Immediately before the collision occurs, the

direction of motion of P makes an angle o with BC, as shown in Fig. 2, where tan & = . The

line of centres of P and Q is parallel to BC. After the collision Q moves towards C with speed
du.
5

(a) Show that, after the collision, the velocity components of P parallel and perpendicular to CB
are Luand 3 u respectively.

“)
(b) Find the coefficient of restitution between P and Q.

2)
(c) Show that when Q reaches C, P is at a distance +d1 from W.

3)
For each collision between a ball and a wall the coefficient of restitution is 1 .
Given that the balls collide with each other again,

. - . 15d,
(d) show that the time between the two collisions of the balls is s
u

)
(e) find the ratio di:da.

®)
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Figure 1

A man, who rows at a speed v through still water, rows across a river which flows at a speed u.
The man sets off from the point A on one bank and wishes to land at the point B on the opposite
bank, where AB is perpendicular to both banks, as shown in Fig. 1.

(a) Show that, for this to be possible, v > u.
3

Given that v < u and that he rows from A so as to reach a point C, on the opposite bank, which is
as close to B as possible,

(b) find, in terms of u and v, the ratio of BC to the width of the river.
®)
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A man walks due north at a constant speed U and the wind seems to him to be blowing from the
direction 30° east of north. On his return journey, when he is walking at the same speed u due
south, the wind seems to him to be blowing from the direction 30° south of east. Assuming that
the velocity, w, of the wind relative to the earth is constant, find

(i) the magnitude of w, in terms of u,

(ii) the direction of w.

®

Figure 2

A uniform rod AB, of length 2a and mass 8m, is free to rotate in a vertical plane about a fixed
smooth horizontal axis through A. One end of a light elastic string, of natural length a and
modulus of elasticity ¢ mg, is fixed to B. The other end of the string is attached to a small ring
which is free to slide on a smooth straight horizontal wire which is fixed in the same vertical
plane as AB at a height 7a vertically above A. The rod AB makes an angle 6 with the upward
vertical at A, as shown in Fig. 2.

(a) Show that the potential energy V of the system is given by

— 2
V= £mga (cos® 0 cos @) + constant.

©
(b) Hence find the values of 6, 0 < < 7, for which the system is in equilibrium.

®
(c) Determine the nature of these positions of equilibrium.

“@
N13897A 3 Turn over

A light elastic string, of natural length 2a and modulus of elasticity mg, has a particle P of
mass M attached to its mid-point. One end of the string is attached to a fixed point A and the
other end is attached to a fixed point B which is at a distance 4a vertically below A.

(a) Show that P hangs in equilibrium at the point E where AE = Z a.
()

The particle P is held at a distance 3a vertically below A and is released from rest at time t = 0.
When the speed of the particle is v, there is a resistance to motion of magnitude 2mkv, where

k= \/(gj At time t the particle is at a distance (3 a + X) from A.
a

(b) Show that

2
4ok ey =,
dt” dt
)
(c) Hence find X in terms of t.

(U]
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Figure 3
S a
s~
—— ¢
U -
//I/ T

A small smooth uniform sphere S is at rest on a smooth horizontal floor at a distance d from a
straight vertical wall. An identical sphere T is projected along the floor with speed U towards S
and in a direction which is perpendicular to the wall. At the instant when T strikes S the line
joining their centres makes an angle o with the wall, as shown in Fig. 3.

Each sphere is modelled as having negligible diameter in comparison with d. The coefficient of
restitution between the spheres is €.

(a) Show that the components of the velocity of T after the impact, parallel and perpendicular to
the line of centres, are 3 U(I — ) sin &z and U cos a respectively.
Q)
(b) Show that the components of the velocity of T after the impact, parallel and perpendicular to
the wall, are 2U(1+e) cos asin aand 1 U[2 — (1 + e) sin? ] respectively.

©
The spheres S and T strike the wall at the points A and B respectively.
Given thate= 2 and tan = 3,
(c) find, in terms of d, the distance AB.
(©)]
END
N13897A 5
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A particle P of mass 3 kg moves in a straight line on a smooth horizontal plane. When the speed
of P is vm s~ the resultant force acting on P is a resistance to motion of magnitude 2v N. Find
the distance moved by P while slowing down from Sm s~ to2 ms™'.

(©)

Figure 1

13ms!

2 kg 1 kg

Two smooth uniform spheres A and B of equal radius have masses 2 kg and 1 kg respectively.

They are moving on a smooth horizontal plane when they collide. Immediately before the

collision the speed of A is 2.5 ms™' and the speed of B is 1.3 m s™'. When they collide the line

joining their centres makes an angle o with the direction of motion of A and an angle S with the
_ 4

direction of motion of B, where tan o= $ and tan f= ‘2 as shown in Fig. 1.

(a) Find the components of the velocities of A and B perpendicular and parallel to the line of
centres immediately before the collision.

“@

The coefficient of restitution between A and B is 1 .

(b) Find, to one decimal place, the speed of each sphere after the collision.

®

N13900A 2

Figure 2
A
A
P
D E
B C

Two uniform rods AB and AC, each of mass 2m and length 2L, are freely jointed at A. The
mid-points of the rods are D and E respectively. A light inextensible string of length s is fixed
to E and passes round small, smooth light pulleys at D and A. A particle P of mass m is attached
to the other end of the string and hangs vertically. The points A, B and C lie in the same vertical
plane with B and C on a smooth horizontal surface. The angles PAB and PAC are each equal to &
(6> 0), as shown in Fig. 2.

(a) Find the length of AP in terms of s, L and 6.

2

(b) Show that the potential energy V of the system is given by
V=2mgL (3 cos €+ sin 6) + constant.

(O]
(c) Hence find the value of @ for which the system is in equilibrium.

@
(d) Determine whether this position of equilibrium is stable or unstable.

“@
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A particle P of mass m is attached to the mid-point of a light elastic string, of natural length 2L
and modulus of elasticity 2mk>L, where k is a positive constant. The ends of the string are
attached to points A and B on a smooth horizontal surface, where AB = 3L. The particle is
released from rest at the point C, where AC = 2L and ACB is a straight line. During the
subsequent motion P experiences air resistance of magnitude 2mkv, where v is the speed of P. At
time t, AP = 1.5L + x.

2
(@ Show that 3% + 2k + siex =0,
dt? dt

©

(b) Find an expression, in terms of t, k and L, for the distance AP at time t.
®

Figure 3
45m
X A

21 m

B

Figure 3 represents the scene of a road accident. A car of mass 600 kg collided at the point X with
a stationary van of mass 800 kg. After the collision the van came to rest at the point A having
travelled a horizontal distance of 45 m, and the car came to rest at the point B having travelled a
horizontal distance of 21 m. The angle AXB is 90°.

The accident investigators are trying to establish the speed of the car before the collision and they
model both vehicles as small spheres.

(a) Find the coefficient of restitution between the car and the van.

(©)]

The investigators assume that after the collision, and until the vehicles came to rest, the van was
subject to a constant horizontal force of 500 N acting along AX and the car to a constant
horizontal force of 300 N along BX.

(b) Find the speed of the car immediately before the collision.

®

N13900A 4

Figure 4

— 04ms’! 60 m

A

Mary swims in still water at 0.85 m s™'. She swims across a straight river which is 60 m wide and
flowing at 0.4 m s™'. She sets off from a point A on the near bank and lands at a point B, which is
directly opposite A on the far bank, as shown in Fig. 4.

Find
(a) the angle between the near bank and the direction in which Mary swims,
3
(b) the time she takes to cross the river.
3
Figure 5
D
: f
;_I —>02ms"! ZOTm
i — 05ms"! 40 m

A little further downstream a large tree has fallen from the far bank into the river. The river is
modelled as flowing at 0.5 ms™' for a width of 40 m from the near bank, and 0.2 ms™' for the
20 m beyond this. Nassim swims at 0.85 m s~ in still water. He swims across the river from a
point C on the near bank. The point D on the far bank is directly opposite C, as shown in Fig. 5.
Nassim swims at the same angle to the near bank as Mary.

(c) Find the maximum distance, downstream from CD, of Nassim during the crossing.

()
(d) Show that he will land at the point D.

(O]
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[In this question i and j are horizontal unit vectors due east and due north respectively.]

An aeroplane makes a journey from a point P to a point Q which is due east of P. The wind
velocity is W(cos @i + sin €j), where W is a positive constant. The velocity of the aeroplane
relative to the wind is V(cos¢i — sin ¢j), where V is a constant and v > w. Given that @and ¢ are
both acute angles,

(a) show that v sin ¢ =w sin 6,

2)

(b) find, in terms of v, w and 6, the speed of the aeroplane relative to the ground.

“

Figure 1

A smooth uniform sphere P is at rest on a smooth horizontal plane, when it is struck by an
identical sphere Q moving on the plane. Immediately before the impact, the line of motion of the
centre of Q is tangential to the sphere P, as shown in Fig. 1. The direction of motion of Q is
turned through 30° by the impact.

Find the coefficient of restitution between the spheres.

an

At noon, two boats A and B are 6 km apart with A due east of B. Boat B is moving due north at a
constant speed of 13 km h~'. Boat A is moving with constant speed 12 km h™' and sets a course
S0 as to pass as close as possible to boat B. Find

(a) the direction of motion of A, giving your answer as a bearing,

“@
(b) the time when the boats are closest,

)
(c) the shortest distance between the boats.

2)
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Figure 2

A uniform rod PQ, of length 2a and mass m, is free to rotate in a vertical plane about a fixed
smooth horizontal axis through the end P. The end Q is attached to one end of a light elastic

string, of natural length a and modulus of elasticity % The other end of the string is attached

to a fixed point O, where OP is horizontal and OP = 2a, as shown in Fig. 2. ZOPQ is denoted
by 26.

(a) Show that, when the string is taut, the potential energy of the system is

—% (2 cos 20+ 3 sin 20+ 2 sin @) + constant.
Q)
(b) Verify that there is a position of equilibrium at = %
@
(c) Determine whether this is a position of stable equilibrium.
“@

NI7131A 3

A particle P of mass m is attached to one end of a light elastic string, of natural length a and
modulus of elasticity 2mak?, where k is a positive constant. The other end of the string is
attached to a fixed point A. At time t = 0, P is released from rest from a point which is a distance
2a vertically below A. When P is moving with speed v, the air resistance has magnitude 2mkv. At
time t, the extension of the string is X.

(a) Show that, while the string is taut,

2
9L X gy = g.
dt? dt
“@
You are given that the general solution of this differential equation is
X =¢e™(C sin kt + D cos kt) + % , where C and D are constants.
(b) Find the value of C and the value of D.
()
Assuming that the string remains taut,
(c) find the value of t when P first comes to rest,
3
(d) show that 2k’a < g (1 + ¢%).
“@

A particle P of mass m is attached to one end of a light inextensible string and hangs at rest at
time t = 0. The other end of the string is then raised vertically by an engine which is working at a
constant rate kmg, where k > 0. At time t, the distance of P above its initial position is X, and P is
moving upwards with speed v.

(a) Show that VZ% =(k-v)g.

“)
b) Show th =K1 K kv — Lv?
(b) Show that gx= nk_ —kv—Jva
Y]
(c) Hence, or otherwise, find t in terms of k, v and g.
5)

END
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(b) the magnitude of the impulse received by the ball as it strikes the plane.
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A cyclist P is cycling due north at a constant speed of 20 km h™'. At 12 noon another cyclist Q
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Figure 1

A smooth sphere P lies at rest on a smooth horizontal plane. A second identical sphere Q,
moving on the plane, collides with the sphere P. Immediately before the collision the
direction of motion of Q makes an angle « with the line joining the centres of the spheres.
Immediately after the collision the direction of motion of Q makes an angle £ with the line
joining the centres of spheres, as shown in Figure 1. The coefficient of restitution between the
spheres is €.

Show that (1 —e) tan f=2 tan .
an
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A lorry of mass M is moving along a straight horizontal road. The engine produces a constant
driving force of magnitude F. The total resistance to motion is modelled as having magnitude
kv2, where Kk is a constant, and v is the speed of the lorry.

Given the lorry moves with constant speed V,

(a) show that V= \/E .

2
Given instead that the lorry starts from rest,
(b) show that the distance travelled by the lorry in attaining a speed of 1V is
M 4
—In| —|.
2k \3
()

A non-uniform rod BC has mass m and length 3l. The centre of mass of the rod is at distance |
from B. The rod can turn freely about a fixed smooth horizontal axis through B. One end of a

. . . .. m .
light elastic string, of natural length | and modulus of elasticity 79, is attached to C. The

other end of the string is attached to a point P which is at a height 31 vertically above B.
(a) Show that, while the string is stretched, the potential energy of the system is

mgl(cos?@ — cos &) + constant,

where 6is the angle between the string and the downward vertical and —% < @< %

(6)
(b) Find the values of @ for which the system is in equilibrium with the string stretched.

©)

A light elastic string, of natural length a and modulus of elasticity Smaw?, lies unstretched
along a straight line on a smooth horizontal plane. A particle of mass m is attached to one end
of the spring. At time t = 0, the other end of the spring starts to move with constant speed U
along the line of the spring and away from the particle. As the particle moves along the plane
it is subject to a resistance of magnitude 2mamv, where V is its speed. At time t, the extension
of the spring is X and the displacement of the particle from its initial position is y. Show that

@ x+y=Ut,
2
2
(b) d—i( + 2a)g +50*x=20U.
dt dt
Q)]
(c) Find x in terms of @, U and t.
®

A ship A has maximum speed 30 km h™'. At time t = 0, A is 70 km due west of B which is
moving at a constant speed of 36 km h™' on a bearing of 300°. Ship A moves on a straight
course at a constant speed and intercepts B. The course of A makes an angle @ with due north.

(a) Show that —arctan %+ < @<arctan %.

(@)
(b) Find the least time for A to intercept B.

®

N21144A 3
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A particle P of mass 0.5 kg is released from rest at time t = 0 and falls vertically through a
liquid. The motion of P is resisted by a force of magnitude 2v N, where vm s~ is the speed
of v at time t seconds.

(a) Show that 5 % =49 —20v.

()]
(b) Find the speed of P whent= 1.
®)

A small smooth sphere S of mass m is attached to one end of a light inextensible string of
length 2a. The other end of the string is attached to a fixed point A which is at a distance a3
from a smooth vertical wall. The sphere S hangs at rest in equilibrium. It is then projected

horizontally towards the wall with a speed (3)7%] .

(a) Show that S strikes the wall with speed (275&] .
“@
. S . . . 3mga
Given that the loss in kinetic energy due to the impact with the wall is 5
(b) find the coefficient of restitution between S and the wall.
)]

Two ships P and Q are moving with constant velocity. At 3 p.m., P is 20 km due north of Q
and is moving at 16 km h™! due west. To an observer on ship P, ship Q appears to be moving
on a bearing of 030° at 10 km h™!. Find

(a) (i) the speed of Q,

(ii) the direction in which Q is moving, giving your answer as a bearing to the nearest

degree,
()
(b) the shortest distance between the ships,
(©)]
(c) the time at which the two ships are closest together.
3
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A particle P of mass m is suspended from a fixed point by a light elastic spring. The spring
has natural length a and modulus of elasticity 2mm?2a, where @ is a positive constant. At time
t=0 the particle is projected vertically downwards with speed U from its equilibrium
position. The motion of the particle is resisted by a force of magnitude 2mamv, where v is the
speed of the particle. At time t, the displacement of P downwards from its equilibrium
position is X.

2
(a) Show that d—i( + Zw% +20%=0.
dt dt

()]

Given that the solution of this differential equation is X = ¢ “{(A cos @t + B sin wt), where A
and B are constants,

(b) find A and B.
(©))
(c) Find an expression for the time at which P first comes to rest.

3)

Two smooth uniform spheres A and B have equal radii. Sphere A has mass m and sphere B has
mass km. The spheres are at rest on a smooth horizontal table. Sphere A is then projected
along the table with speed u and collides with B. Immediately before the collision, the
direction of motion of A makes an angle of 60° with the line joining the centres of the two
spheres. The coefficient of restitution between the spheres is 1 .

(a) Show that the speed of B immediately after the collision is 4(k3u i
+

(6)

Immediately after the collision the direction of motion of A makes an angle arctan (2V3) with
the direction of motion of B.

(b) Show thatk= 1.
(6)
(c) Find the loss of kinetic energy due to the collision.

“@

N22334A 3

Figure 1

A smooth wire with ends A and B is in the shape of a semi-circle of radius a. The mid-point of
AB is O. The wire is fixed in a vertical plane and hangs below AB which is horizontal. A small
ring R, of mass mV2, is threaded on the wire and is attached to two light inextensible strings.

The other end of each string is attached to a particle of mass 37m The particles hang

vertically under gravity, as shown in Figure 1.

(a) Show that, when the radius OR makes an angle 26 with the vertical, the potential
energy, V, of the system is given by

V= \/nga(3 cos 6—cos 260) + constant.

)
(b) Find the values of @ for which the system is in equilibrium.

(6
(c) Determine the stability of the position of equilibrium for which 8> 0.

“@
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O]

A smooth uniform sphere S of mass m is moving on a smooth horizontal plane when it
collides with a fixed smooth vertical wall. Immediately before the collision, the speed of S
is U and its direction of motion makes an angle « with the wall. The coefficient of restitution
between S and the wall is €. Find the kinetic energy of S immediately after the collision.

©)

A cyclist C is moving with a constant speed of 10 m s™' due south. Cyclist D is moving with a
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3
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Figure 1

21

A uniform rod PQ has mass m and length 21. A small smooth light ring is fixed to the end P of
the rod. This ring is threaded on to a fixed horizontal smooth straight wire. A second small
smooth light ring R is threaded on to the wire and is attached by a light elastic string, of
natural length | and modulus of elasticity kmg, to the end Q of the rod, where K is a constant.

(a) Show that, when the rod PQ makes an angle € with the vertical, where 0 < 8 < %, and

Q is vertically below R, as shown in Figure 1, the potential energy of the system is

mgl [2k cos? @ — (2k + 1) cos @] + constant.
@]

Given that there is a position of equilibrium with € > 0,

(b) show thatk> 1.
®

A train of mass m is moving along a straight horizontal railway line. A time t, the train is
moving with speed v and the resistance to motion has magnitude kv, where K is a constant.
The engine of the train is working at a constant rate P.

(a) Show that, when v >0, mv% +kvZ=P.
3
.. 1P
When t = 0, the speed of the train is 3K )
(b) Find, in terms of m and k, the time taken for the train to double its initial speed.
®

N22908RA 3

Figure 2

Two small smooth spheres A and B, of equal size and of mass m and 2m respectively, are
moving initially with the same speed U on a smooth horizontal floor. The spheres collide when
their centres are on a line L. Before the collision the spheres are moving towards each other,
with their directions of motion perpendicular to each other and each inclined at an angle
of 45° to the line L, as shown in Figure 2. The coefficient of restitution between the spheres
is 1.

(a) Find the magnitude of the impulse which acts on A in the collision.

(&)

Figure 3

T d l WALL

The line L is parallel to and a distance d from a smooth vertical wall, as shown in Figure 3.

(b) Find, in terms of d, the distance between the points at which the spheres first strike the
wall.

®
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PMT



Figure 4

A light elastic spring has natural length | and modulus of elasticity 4mg. One end of the spring
is attached to a point A on a plane that is inclined to the horizontal at an angle ¢, where
tan = 2. The other end of the spring is attached to a particle P of mass m. The plane is

rough and the coefficient of friction between P and the plane is § . The particle P is held at a

point B on the plane where B is below A and AB = |, with the spring lying along a line of
greatest slope of the plane, as shown in Figure 4. At time t = 0, the particle is projected up the
plane towards A with speed L V(gl). At time t, the compression of the spring is x.

d*x ) g
(@) Show that dt—2+ 4@°X =—-g, where = ik
(6)
(b) Find X in terms of |, @ and t.
(¥
(c) Find the distance that P travels up the plane before first coming to rest.
“@
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A small ball is moving on a horizontal plane when it strikes a smooth vertical wall. The
coefficient of restitution between the ball and the wall is e. Immediately before the impact the
direction of motion of the ball makes an angle of 60° with the wall. Immediately after the
impact the direction of motion of the ball makes an angle of 30° with the wall.

(a) Find the fraction of the kinetic energy of the ball which is lost in the impact.

(6)
(b) Find the value of e.

(C)

A lorry of mass M moves along a straight horizontal road against a constant resistance of
magnitude R. The engine of the lorry works at a constant rate RU, where U is a constant. At
time t, the lorry is moving with speed v.

(a) Show that Mvj—\t/ =RU-v).
3
At time t = 0, the lorry has speed 4 U and the time taken by the lorry to attain a speed of +U

kMU

is , where K is a constant.

(b) Find the exact value of k.
Q)

N26117A 2

Figure 1

A framework consists of two uniform rods AB and BC, each of mass m and length 2a, joined
at B. The mid-points of the rods are joined by a light rod of length a2, so that angle ABC is a
right angle. The framework is free to rotate in a vertical plane about a fixed smooth horizontal
axis. This axis passes through the point A and is perpendicular to the plane of the framework.
The angle between the rod AB and the downward vertical is denoted by 6, as shown in Fig. 1.

(a) Show that the potential energy of the framework is

—mga(3 cos @ + sin ) + constant.

“@
(b) Find the value of @ when the framework is in equilibrium, with B below the level of A.

“@
(c) Determine the stability of this position of equilibrium.

“@

At 12 noon, ship A is 20 km from ship B, on a bearing of 300°. Ship A is moving at a constant
speed of 15 km h™! on a bearing of 070°. Ship B moves in a straight line with constant speed
V km h™' and intercepts A.

(a) Find, giving your answer to 3 significant figures, the minimum possible for V.

(©)]
It is now given that V = 13.
(b) Explain why there are two possible times at which ship B can intercept ship A.

@

(c) Find, giving your answer to the nearest minute, the earlier time at which ship B can
intercept ship A.
®
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A smooth uniform sphere A has mass 2m kg and another smooth uniform sphere B, with the
same radius as A, has mass m kg. The spheres are moving on a smooth horizontal plane when
they collide. At the instant of collision the line joining the centres of the spheres is parallel
to j. Immediately after the collision, the velocity of A is (3i — j) m s™' and the velocity of B is
(2i + j) m s”!. The coefficient of restitution between the spheres is I

(a) Find the velocities of the two spheres immediately before the collision.

Q)
(b) Find the magnitude of the impulse in the collision.

2

(c) Find, to the nearest degree, the angle through which the direction of motion of A is
deflected by the collision.
(O]

A small ball is attached to one end of a spring. The ball is modelled as a particle of mass
0.1 kg and the spring is modelled as a light elastic spring AB, of natural length 0.5 m and
modulus of elasticity 2.45 N. The particle is attached to the end B of the spring. Initially, at
time t = 0, the end A is held at rest and the particle hangs at rest in equilibrium below A at the
point E. The end A then begins to move along the line of the spring in such a way that, at time
t seconds, t < 1, the downward displacement of A from its initial position is 2 sin 2t metres. At
time t seconds, the extension of the spring is X metres and the displacement of the particle
below E is y metres.

(a) Show, by referring to a simple diagram, thaty + 0.2 =X + 2 sin 2t.

3
d’y
(b) Hence show that ra + 49y = 98 sin 2t.
()
. 98 . . . . L . .
Given thaty = y sin 2t is a particular integral of this differential equation,
(c) findy in terms of t.
()
(d) Find the time at which the particle first comes to instantaneous rest.
(C)
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[In this question i and j are unit vectors due east and due north respectively.]

A ship P is moving with velocity (5i — 4j) km h™! and a ship Q is moving with velocity
Bi+7)kmh.

Find the direction that ship Q appears to be moving in, to an observer on ship P, giving your
answer as a bearing.

()]

Two small smooth spheres A and B have equal radii. The mass of A is 2m kg and the mass
of B is mkg. The spheres are moving on a smooth horizontal plane and they collide.
Immediately before the collision the velocity of A is (2i — 2j) m s™' and the velocity of B
is (-3i — j) m s7!. Immediately after the collision the velocity of A is (i — 3j) m s\

Find the speed of B immediately after the collision.

()]

At time t = 0, a particle of mass m is projected vertically downwards with speed U from a
point above the ground. At time t the speed of the particle is v and the magnitude of the air
resistance is modelled as being mkv, where K is a constant.

Given that U < 2g—k, find, in terms of k, U and g, the time taken for the particle to double

its speed.

®)

= J
\I\
\

Figure 1

A small smooth ball B, moving on a horizontal plane, collides with a fixed vertical wall.
Immediately before the collision the angle between the direction of motion of B and the wall

is 20, where 0° < 0 < 45°. Immediately after the collision the angle between the direction of

motion of B and the wall is €, as shown in Figure 1.

Given that the coefficient of restitution between B and the wall is 2, find the value of tan 6.

®)

H30049RA 2

A light elastic spring has natural length | and modulus of elasticity mg. One end of the spring
is fixed to a point O on a rough horizontal table. The other end is attached to a particle P of
mass m which is at rest on the table with OP = |. At time t = 0 the particle is projected with
speed V(gl) along the table in the direction OP. At time t the displacement of P from its initial
position is X and its speed is v. The motion of P is subject to air resistance of magnitude

2mvw, where @ = \/?i . The coefficient of friction between P and the table is 0.5.

(@) Show that, until P first comes to rest,

ii( 20 1 o= -0.59.
dt t
(6
(b) Find x in terms of't, | and w.
6
(c) Hence find, in terms of w, the time taken for P to first come to instantaneous rest.
(©)]
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30m

v I_

Figure 2

A river is 30 m wide and flows between two straight parallel banks. At each point of the river,
the direction of flow is parallel to the banks. At time t = 0, a boat leaves a point O on one
bank and moves in a straight line across the river to a point P on the opposite bank. Its path
OP is perpendicular to both banks and OP = 30 m, as shown in Figure 2. The speed of flow of
the river, r m s™', at a point on OP which is at a distance X m from O, is modelled as

r:ix, 0<x<30.
10

The speed of the boat relative to the water is constant at 5 m s™'. At time t seconds the boat is
at a distance X m from O and is moving with speed v m s in the direction OP.

(a) Show that
100v? = 2500 — x>

3
(b) Hence show that
d’x | X
— 4" =
dt* 100
(C)
(c) Find the total time taken for the boat to cross the river from O to P.
()

H30049RA 4

o M

Figure 3

A uniform rod AB, of length 2a and mass kM where k is a constant, is free to rotate in a
vertical plane about the fixed point A. One end of a light inextensible string of length 6a is
attached to the end B of the rod and passes over a small smooth pulley which is fixed at the
point P. The line AP is horizontal and of length 2a. The other end of the string is attached to a
particle of mass M which hangs vertically below the point P, as shown in Figure 3. The angle
PAB is 26, where 0° < 0 < 180°.

(a) Show that the potential energy of the system is

Mga(4 sin 60—k sin 26) + constant.

®
The system has a position of equilibrium when cos 6 = 3.
(b) Find the value of k.

®
(c) Hence find the value of cos @ at the other position of equilibrium.

(©)]
(d) Determine the stability of each of the two positions of equilibrium.

®

TOTAL FOR PAPER: 75 MARKS
END
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45°

Figure 1

A fixed smooth plane is inclined to the horizontal at an angle of 45°. A particle P is moving
horizontally and strikes the plane. Immediately before the impact, P is moving in a vertical
plane containing a line of greatest slope of the inclined plane. Immediately after the impact,
P is moving in a direction which makes an angle of 30° with the inclined plane, as shown in
Figure 1.

Find the fraction of the kinetic energy of P which is lost in the impact.

6

At time t = 0, a particle P of mass m is projected vertically upwards with speed \/% , where k

is a constant. At time t the speed of P is v. The particle P moves against air resistance whose
magnitude is modelled as being mkv?> when the speed of P is v. Find, in terms of k, the
distance travelled by P until its speed first becomes half of its initial speed.

®

A booklet “Mathematical Formulae and Statistical Tables’ is provided.
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“@
(b) Find the shortest distance between P and Q.

(©)]
(c) Find the distance travelled by Q from its position at noon to the point of closest approach.

O]
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Figure 2

A light inextensible string of length 2a has one end attached to a fixed point A. The other end
of the string is attached to a particle P of mass m. A second light inextensible string of length
L, where L > 12761 , has one of its ends attached to P and passes over a small smooth peg fixed
at a point B. The line AB is horizontal and AB = 2a. The other end of the second string is

attached to a particle of mass 72—:; , which hangs vertically below B, as shown in Figure 2.

(a) Show that the potential energy of the system, when the angle PAB = 26, is

1 mga(7 sin 6 —10 sin 26) + constant.

(©)
(b) Show that there is only one value of cos @ for which the system is in equilibrium and find
this value.
®
(c) Determine the stability of the position of equilibrium.
(O]

A light elastic spring AB has natural length 2a and modulus of elasticity 2mn?a , where n is a
constant. A particle P of mass m is attached to the end A of the spring. At time t = 0, the
spring, with P attached, lies at rest and unstretched on a smooth horizontal plane. The other
end B of the spring is then pulled along the plane in the direction AB with constant
acceleration f. At time t the extension of the spring is X.

2
(a) Show that % +mx=f.

Two small smooth spheres A and B, of mass 2 kg and 1 kg respectively, are moving on a
smooth horizontal plane when they collide. Immediately before the collision the velocity of A
is (i + 2j) m s and the velocity of B is —2i m s™'. Immediately after the collision the velocity
of Aisjms™.

(@) Show that the velocity of B immediately after the collision is 2j m s
3

(b) Find the impulse of B on A in the collision, giving your answer as a vector, and hence
show that the line of centres is parallel to i + j.

4)
(c) Find the coefficient of restitution between A and B.
(6)

M34276A 3

(6)
(b) Find X in terms of n, f and t.
®
Hence find
(c) the maximum extension of the spring,
(©)]
(d) the speed of P when the spring first reaches its maximum extension.
(0]
TOTAL FOR PAPER: 75 MARKS
END
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[In this question i and j are unit vectors due east and due north respectively.]

A man cycles at a constant speed U m s! on level ground and finds that when his velocity is
uj m s! the velocity of the wind appears to be v(3i — 4j) m s™!, where V is a positive constant.

When the man cycles with velocity +u(=3i + 4j) m s, the velocity of the wind appears to be
wim s, where W is a positive constant.

Find, in terms of u, the true velocity of the wind.

Q)

Two smooth uniform spheres S and T have equal radii. The mass of S is 0.3 kg and the mass
of T is 0.6 kg. The spheres are moving on a smooth horizontal plane and collide obliquely.
Immediately before the collision the velocity of S is u1 m s and the velocity of T is uz ms™'.
The coefficient of restitution between the spheres is 0.5. Immediately after the collision the
velocity of Sis (—i + 2j ) m s™! and the velocity of T is (i +j) m s

Given that when the spheres collide the line joining their centres is parallel to i,
(a) find
(i) ui,

(ii) uz.

(6)
After the collision, T goes on to collide with a smooth vertical wall which is parallel to j.
Given that the coefficient of restitution between T and the wall is also 0.5, find

(b) the angle through which the direction of motion of T is deflected as a result of the
collision with the wall,

®)
(c) the loss in kinetic energy of T caused by the collision with the wall.

©)]

A booklet ‘Mathematical Formulae and Statistical Tables’ is provided.
Full marks may be obtained for answers to ALL questions.

There are 6 questions in this question paper.
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At 12 noon, ship A is 8 km due west of ship B. Ship A is moving due north at a constant speed
of 10 km h™!. Ship B is moving at a constant speed of 6 km h™" on a bearing so that it passes as
close to A as possible.

(a) Find the bearing on which ship B moves.

“@
(b) Find the shortest distance between the two ships.

(©)]
(c) Find the time when the two ships are closest.

(©)]
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A particle of mass m is projected vertically upwards, at time t = 0, with speed U. The particle
. . L . mgv’ . . .
is subject to air resistance of magnitude 372 , where Vv is the speed of the particle at time t

and Kk is a positive constant.

(a) Show that the particle reaches its greatest height above the point of projection at time
o (¥)
— tan” | —
g k

(b) Find the greatest height above the point of projection attained by the particle.

©)

©)

Figure 1

The end A of a uniform rod AB, of length 2a and mass 4m, is smoothly hinged to a fixed
point. The end B is attached to one end of a light inextensible string which passes over a small
smooth pulley, fixed at the same level as A. The distance from A to the pulley is 4a. The other
end of the string carries a particle of mass m which hangs freely, vertically below the pulley,
with the string taut. The angle between the rod and the downward vertical is 6, where

0<0O< %, as shown in Figure 1.

(a) Show that the potential energy of the system is

2mga(\/(5 —4sin ) —2 cos 6) + constant.
)

(b) Hence, or otherwise, show that any value of @ which corresponds to a position of
equilibrium of the system satisfies the equation

4sin® O—65sin”> 6 +1=0.
©)

(c) Given that = G corresponds to a position of equilibrium, determine its stability.

)

N35393A 3

Two points A and B lie on a smooth horizontal table with AB = 4a. One end of a light elastic
spring, of natural length a and modulus of elasticity 2mg, is attached to A. The other end of
the spring is attached to a particle P of mass m. Another light elastic spring, of natural
length a and modulus of elasticity mg, has one end attached to B and the other end attached
to P. The particle P is on the table at rest and in equilibrium.

(a) Show that AP = S?a

“@

The particle P is now moved along the table from its equilibrium position through a
distance 0.5a towards B and released from rest at time t = 0. At time t, P is moving with speed
v and has displacement X from its equilibrium position. There is a resistance to motion of

magnitude 4mwvg where o = [gj .
a

2
(b) Show that % + 40 % + 302 =0.
dt* dt
%)
. .odx .

(c) Find the velocity, T of P in terms of a, @ and t.

)
TOTAL FOR PAPER: 75 MARKS
END
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10
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Figure 1

Figure 2 represents part of the smooth rectangular floor of a sports hall. A ball is at B, 4 m
from one wall of the hall and 5 m from an adjacent wall. These two walls are smooth and
meet at the corner C. The ball is kicked so that it travels along the floor, bounces off the first
wall at the point X and hits the second wall at the point Y. The point Y is 7.5 m from the
corner C.

The coefficient of restitution between the ball and the first wall is i .

Modelling the ball as a particle, find the distance CX.
)

P35415A 3

[In this question the unit vectors i and j are due east and due north respectively.]

A coastguard patrol boat C is moving with constant velocity (8i + uj) km h™'. Another ship S
is moving with constant velocity (12i + 16j) km h™".

(a) Find, in terms of u, the velocity of C relative to S.

2
At noon, S is 10 km due west of C.
If C is to intercept S,
(b) (i) find the value of u.
(ii) Using this value of u, find the time at which C would intercept S.
“@

If instead, at noon, C is moving with velocity (8i + 8j) km h™' and continues at this constant
velocity,

(c) find the distance of closest approach of C to S.
3

A hiker walking due east at a steady speed of 5 km h™! notices that the wind appears to come
from a direction with bearing 050. At the same time, another hiker moving on a bearing
of 320, and also walking at 5 km h™!, notices that the wind appears to come from due north.

Find
(a) the direction from which the wind is blowing,

3
(b) the wind speed.

(O]

P35415A 4
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A particle Q of mass 6 kg is moving along the X-axis. At time t seconds the displacement of Q
from the origin O is X metres and the speed of Q is v m s™'. The particle moves under the
action of a retarding force of magnitude (a + bv?) N, where a and b are positive constants. At
time t = 0, Q is at O and moving with speed U m s™! in the positive x-direction. The particle Q
comes to instantaneous rest at the point X.

(a) Show that the distance OX is

(6)
Given thata=12 and b =3,

(b) find, in terms of U, the time taken to move from O to X.

)

A particle P of mass 4 kg moves along a horizontal straight line under the action of a force
directed towards a fixed point O on the line. At time t seconds, P is X metres from O and the
force towards O has magnitude 9x newtons. The particle P is also subject to air resistance,
which has magnitude 12v newtons when P is moving with speed v m s—1.

(a) Show that the equation of motion of P is

2
49X % ox—q,
dt dt
(©)
It is given that the solution of this differential equation is of the form x = ¢ *{(At + B).
When t = 0 the particle is released from rest at the point R, where OR =4 m.
Find,
(b) the values of the constants A, A and B,
(C))
(c) the greatest speed of P in the subsequent motion.
)

P35415A 5

Figure 3

Figure 3 shows a framework ABC, consisting of two uniform rods rigidly joined together at B
so that ZABC = 90°. The rod AB has length 2a and mass 4m, and the rod BC has length a and
mass 2m. The framework is smoothly hinged at A to a fixed point, so that the framework can
rotate in a fixed vertical plane. One end of a light elastic string, of natural length 2a and
modulus of elasticity 3mg, is attached to A. The string passes through a small smooth ring R
fixed at a distance 2a from A, on the same horizontal level as A and in the same vertical plane
as the framework. The other end of the string is attached to B.

The angle ARB is 6, where 0 < 0 < %

(a) Show that the potential energy V of the system is given by

V = 8amg sin 26+ 5amg cos 26+ constant.

Q)]
(b) Find the value of @ for which the system is in equilibrium.

“@
(c) Determine the stability of this position of equilibrium.

(©))

TOTAL FOR PAPER: 75 MARKS
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A smooth uniform sphere S, of mass m, is moving on a smooth horizontal plane when it
collides obliquely with another smooth uniform sphere T, of the same radius as S but of
mass 2m, which is at rest on the plane. Immediately before the collision the velocity of S
makes an angle ¢, where tan o= 3, with the line joining the centres of the spheres.

Immediately after the collision the speed of T is V. The coefficient of restitution between the
two spheres is .

(a) Find, in terms of V, the speed of S
(1) immediately before the collision,

(i) immediately after the collision.

)

(b) Find the angle through which the direction of motion of S is deflected as a result of the
collision.

“@

A ship A is moving at a constant speed of 8 km h™' on a bearing of 150°. At noon a second
ship B is 6 km from A, on a bearing of 210°. Ship B is moving due east at a constant speed. At
a later time, B is 23 km dues south of A.

Find
(a) the time at which B will be due east of A,

(b) the distance between the ships at that time.
a3)

A booklet “Mathematical Formulae and Statistical Tables’ is provided.
Full marks may be obtained for answers to ALL questions.

There are 6 questions in this question paper.

The total mark for this paper is 75.

Adyvice to Candidates
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Two particles, of masses m and 2m, are connected to the ends of a long light inextensible
string. The string passes over a small smooth fixed pulley and hangs vertically on either side.
The particles are released from rest with the string taut. Each particle is subject to air
resistance of magnitude Kv?, where Vv is the speed of each particle after it has moved a
distance x from rest and k is a positive constant.

(a) Show that i(v2) + 4—kvz = 2—9
dx 3m 3

(6)

(b) Find v?in terms of X.
®

(c) Deduce that the tension in the string, T, satisfies

ing o 3m
3 2

®
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A rescue boat, whose maximum speed is 20 km h™!, receives a signal which indicates that a
yacht is in distress near a fixed point P. The rescue boat is 15 km south-west of P. There is a
constant current of 5 km h™! flowing uniformly from west to east. The rescue boat sets the
course needed to get to P as quickly as possible. Find

(a) the course the rescue boat sets,
(C))

(b) the time, to the nearest minute, to get to P.
()

When the rescue boat arrives at P, the yacht is just visible 4 km due north of P and is drifting
with the current. Find

(c) the course that the rescue boat should set to get to the yacht as quickly as possible,

@)
(d) the time taken by the rescue boat to reach the yacht from P.

@

P40110A 3

Figure 1

A uniform rod AB, of length 4a and weight W, is free to rotate in a vertical plane about a fixed
smooth horizontal axis which passes through the point C of the rod, where AC = 3a. One end
of a light inextensible string of length L, where L > 104, is attached to the end A of the rod
and passes over a small, smooth fixed peg at P and another small, smooth fixed peg at Q. The
point Q lies in the same vertical plane as P, A and B. The point P is at a distance 3a vertically

above C and PQ is horizontal with PQ = 4a. A particle of weight %W is attached to the other

end of the string and hangs vertically below Q. The rod is inclined at an angle 26 to the
vertical, where —7 <26 < 7, as shown in Figure 1.

(a) Show that the potential energy of the system is

Wa(3 cos @ — cos 26) + constant.
“@
(b) Find the positions of equilibrium and determine their stability.

®

P40110A 4
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Two points A and B are in a vertical line, with A above B and AB = 4a. One end of a light
elastic spring, of natural length a and modulus of elasticity 3mg, is attached to A. The other
end of the spring is attached to a particle P of mass m. Another light elastic spring, of natural
length a and modulus of elasticity mg, has one end attached to B and the other end attached
to P. The particle P hangs at rest in equilibrium.

(a) Show that AP = %a.

3)

The particle P is now pulled down vertically from its equilibrium position towards B and at
time t = 0 it is released from rest. At time t, the particle P is moving with speed v and has
displacement X from its equilibrium position. The particle P is subject to air resistance of
magnitude mkv, where K is a positive constant.

(b) Show that
2
d x +kdX N 49

— —x=0.

> dt  a
(©)
(c) Find the range of values of k which would result in the motion of P being a damped

oscillation.

3
TOTAL FOR PAPER: 75 MARKS

END
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[In this question i and j are horizontal unit vectors due east and due north respectively.]

Boat A is moving with velocity (3i + 4j) km h! and boat B is moving with velocity
(6i — 5j) km h™!. Find

(a) the magnitude of the velocity of A relative to B,
3)

(b) the direction of the velocity of A relative to B, giving your answer as a bearing.

()

Figure 1

A smooth fixed plane is inclined at an angle a to the horizontal. A smooth ball B falls
vertically and hits the plane. Immediately before the impact the speed of B is U m s, as
shown in Figure 1. Immediately after the impact the direction of motion of B is horizontal.

The coefficient of restitution between B and the plane is % .

Find the size of angle a.

(6)

A smooth uniform sphere A, of mass 5m and radius I, is at rest on a smooth horizontal plane.
A second smooth uniform sphere B, of mass 3m and radius r, is moving in a straight line on
the plane with speed U m s™' and strikes A. Immediately before the impact the direction of
motion of B makes an angle of 60° with the line of centres of the spheres. The direction of
motion of B is turned through an angle of 30° by the impact.

Find

(a) the speed of B immediately after the impact,
(©)]
(b) the coefficient of restitution between the spheres.

6

At 10 a.m. two walkers A and B are 4 km apart with A due north of B. Walker A is moving
due east at a constant speed of 6 km h™!. Walker B is moving with constant speed 5 km h™!
and walks in the straight line which allows him to pass as close as possible to A.

Find
(a) the direction of motion of B, giving your answer as a bearing,

“@
(b) the least distance between A and B,

2
(c) the time when the distance between A and B is least.

“@

P42959A 2

A van of mass 1200 kg travels along a straight horizontal road against a resistance to motion
which is proportional to the speed of the van. The engine of the van is working at a constant
rate of 40 kW. The van starts from rest at time t = 0. At time t seconds, the speed of the van is
vm s, When the speed of the van is 40 m s, the acceleration of the van is 0.3 m s 2.

(a) Show that

75vﬂ =2500-Vv*
dt

(6)
(b) Find vV in terms of t.
(6

P42959A 3
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Figure 2

A uniform rod AB has mass 4m and length 4l. The rod can turn freely in a vertical plane about
a fixed smooth horizontal axis through A. A particle of mass km, where k < 7, is attached to
the rod at B. One end of a light elastic string, of natural length | and modulus of elasticity
4mg, is attached to the point D of the rod, where AD = 3l. The other end of the string is
attached to a fixed point E which is vertically above A, where AE = 3I, as shown in Figure 2.

The angle between the rod and the upward vertical is 26, where arcsin (é) <f< %

(a) Show that, while the string is stretched, the potential energy of the system is

8mgl{(7 — k)sin® & — 3sin 6} + constant

(6
There is a position of equilibrium with < %
(b) Show thatk <4.

(©)
Given that k =4,
(c) show that this position of equilibrium is stable.

)

P42959A 4

A particle P of mass 0.5 kg is attached to the end A of a light elastic spring AB, of natural
length 0.6 m and modulus of elasticity 2.7 N. At time t = 0 the end B of the spring is held at
rest and P hangs at rest at the point C which is vertically below B. The end B is then moved
along the line of the spring so that, at time t seconds, the downwards displacement of B from
its initial position is 4sin 2t metres. At time t seconds, the extension of the spring is X metres
and the displacement of P below C is y metres.

(a) Show that

y+ el =X+ 4sin 2t
45
3
(b) Hence show that
d’y .
—5- + 9y =36sin 2t
aw
3
. 36 . . . . L . .
Given thaty = 5 sin 2t is a particular integral of this differential equation,
(c) findy in terms of't,
®
(d) find the speed of P when t = %7[.
“@
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A particle P of mass 0.5 kg falls vertically from rest. After t seconds it has speed v m s,
A resisting force of magnitude 1.5v newtons acts on P as it falls.

(a) Show that 3v=9.8(1 —e™").
®)

(b) Find the distance that P falls in the first two seconds of its motion.

O]

A
il
—
2 . 50 m
—ms
3
a
B C
Figure 1

A river is 50 m wide and flows between two straight parallel banks. The river flows with a
uniform speed of % m s~ parallel to the banks. The points A and B are on opposite banks of
the river and AB is perpendicular to both banks of the river, as shown in Figure 1.

Keith and Ian decide to swim across the river. The speed relative to the water of both

. 10
swimmers 1S ; ms .

Keith sets out from A and crosses the river in the least possible time, reaching the opposite
bank at the point C. Find

(a) the time taken by Keith to reach C,

2
(b) the distance BC.

2
Ian sets out from A and swims in a straight line so as to land on the opposite bank at B.
(c) Find the time taken by Ian to reach B.

“@
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r P
1.6r
B (2m)

-«
2u

r

Figure 2

Two smooth uniform spheres A and B, of equal radius r, have masses 3m and 2m
respectively. The spheres are moving on a smooth horizontal plane when they collide.
Immediately before the collision they are moving with speeds u and 2u respectively. The
centres of the spheres are moving towards each other along parallel paths at a distance 1.6r
apart, as shown in Figure 2.

. o .1
The coefficient of restitution between the two spheres is rs

Find, in terms of m and u, the magnitude of the impulse received by B in the collision.
(10)

P41819A 3

R{m)
(3m)

Figure 3

A small smooth peg P is fixed at a distance d from a fixed smooth vertical wire. A particle of
mass 3m is attached to one end of a light inextensible string which passes over P. The particle
hangs vertically below P. The other end of the string is attached to a small ring R of mass m,
which is threaded on the wire, as shown in Figure 3.

(a) Show that when R is at a distance X below the level of P the potential energy of the
system is

3mg V(x2 + d%) — mgx + constant

@
(b) Hence find X, in terms of d, when the system is in equilibrium.

3
(c) Determine the stability of the position of equilibrium.

(©)]

A coastguard ship C is due south of a ship S. Ship S is moving at a constant speed of
12 km h™! on a bearing of 140°. Ship C moves in a straight line with constant speed V km h™!
in order to intercept S.

(a) Find, giving your answer to 3 significant figures, the minimum possible value for V.

(©)]
It is now given that V = 14.

(b) Find the bearing of the course that C takes to intercept S.
®

P41819A 4
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A particle P of mass m kg is attached to the end A of a light elastic string AB, of natural
length @ metres and modulus of elasticity 9ma newtons. Initially the particle and the string lie
at rest on a smooth horizontal plane with AB = a metres. At time t = 0 the end B of the string
is set in motion and moves at a constant speed U m s7! in the direction AB. The air resistance
acting on P has magnitude 6mv newtons, where v m s~ is the speed of P. At time t seconds,
the extension of the string is X metres and the displacement of P from its initial position is
y metres.

Show that, while the string is taut,

(@) x+y=Ut
(2
2
) S 6% ox=qu
dt dt
)
You are given that the general solution of the differential equation in (b) is
x=(A+BtUe™ +%
where A and B are arbitrary constants.
(c) Find the value of A and the value of B.
®
(d) Find the speed of P at time t seconds.
(6]

P41819A 5

[In this question i and j are perpendicular unit vectors in a horizontal plane]

A small smooth ball of mass m kg is moving on a smooth horizontal plane and strikes a fixed
smooth vertical wall. The plane and the wall intersect in a straight line which is parallel to the
vector 2i + j. The velocity of the ball immediately before the impact is bi m s™!, where b is
positive. The velocity of the ball immediately after the impact is a(i + j) m s, where a is
positive.

(a) Show that the impulse received by the ball when it strikes the wall is parallel to
(—i+2j).

)
Find
(b) the coefficient of restitution between the ball and the wall,

®
(c) the fraction of the kinetic energy of the ball that is lost due to the impact.

(©))
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20 km from A and the bearing of A from B is 290°.

(a) Find the least possible value of v.

3
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®)
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A smooth uniform sphere S is moving on a smooth horizontal plane when it collides obliquely
with an identical sphere T which is at rest on the plane. Immediately before the collision S is
moving with speed U in a direction which makes an angle of 60° with the line joining the
centres of the spheres. The coefficient of restitution between the spheres is €.

(a) Find, in terms of e and U where necessary,

(i) the speed and direction of motion of S immediately after the collision,

(i) the speed and direction of motion of T immediately after the collision.

12)
The angle through which the direction of motion of S is deflected is 6°.
(b) Find
(i) the value of e for which ¢ takes the largest possible value,
(i) the value of ¢ in this case.
(©)]
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Figure 1
A uniform rod AB, of length 2| and mass 12m, has its end A smoothly hinged to a fixed point.
One end of a light inextensible string is attached to the other end B of the rod. The string
passes over a small smooth pulley which is fixed at the point C, where AC is horizontal and

AC = 2I. A particle of mass m is attached to the other end of the string and the particle hangs
vertically below C.

The angle BAC is 6, where 0 < < % as shown in Figure 1.
(a) Show that the potential energy of the system is

4mgl (sin g —3sin 6’) + constant

“@
(b) Find the value of € when the system is in equilibrium and determine the stability of this
equilibrium position.
(10)
P43160A 3

buffer

@ @

Figure 2

A railway truck of mass M approaches the end of a straight horizontal track and strikes a
buffer. The buffer is parallel to the track, as shown in Figure 2. The buffer is modelled as a
light horizontal spring PQ, which is fixed at the end P. The spring has a natural length a and
modulus of elasticity Mn?a, where n is a positive constant. At time t = 0, the spring has length
a and the truck strikes the end Q with speed U. A resistive force whose magnitude is Mkv,
where Vv is the speed of the truck at time t, and k is a positive constant, also opposes the
motion of the truck. At time t, the truck is in contact with the buffer and the compression of
the buffer is X.

(a) Show that, while the truck is compressing the buffer

2
d—f k& x=o0
dt
“@
It is given that k = 57n .
(b) Find X in terms of U, n and t.
)
(c) Find, in terms of U and n, the greatest value of X.
®
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(6

(b) Find the position vector of A at the instant when the distance between A and B is a
minimum.

2

A car of mass 1000 kg is moving along a straight horizontal road. The engine of the car is
working at a constant rate of 25 kW. When the speed of the car is v m s, the resistance to
motion has magnitude 10v newtons.

(@) Show that, at the instant when v = 20, the acceleration of the car is 1.05 m s72.
(©)]
(b) Find the distance travelled by the car as it accelerates from a speed of 10 m s™! to a speed
of 20 ms!.
®

A small ball is moving on a smooth horizontal plane when it collides obliquely with a smooth
. . o 1
plane vertical wall. The coefficient of restitution between the ball and the wall is 3 The

speed of the ball immediately after the collision is half the speed of the ball immediately
before the collision.

Find the angle through which the path of the ball is deflected by the collision.
®
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At noon two ships A and B are 20 km apart with A on a bearing of 230° from B. Ship B is
moving at 6 km h™! on a bearing of 015°. The maximum speed of A is 12 km h™!. Ship A sets
a course to intercept B as soon as possible.

(a) Find the course set by A, giving your answer as a bearing to the nearest degree.

“@
(b) Find the time at which A intercepts B.

“@
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Figure 1

Two smooth uniform spheres A and B have equal radii. The mass of A is m and the mass of
B is 3m. The spheres are moving on a smooth horizontal plane when they collide obliquely.
Immediately before the collision, A is moving with speed 3u at angle « to the line of centres
and B is moving with speed U at angle § to the line of centres, as shown in Figure 1. The

. . .1 L 1
coefficient of restitution between the two spheres is 3 It is given that cos a = 3 and

cosf= % and that a and £ are both acute angles.

(a) Find the magnitude of the impulse on A due to the collision in terms of m and u.

®

(b) Express the kinetic energy lost by A in the collision as a fraction of its initial kinetic
energy.

(©)

A particle of mass m kg is attached to one end of a light elastic string of natural length
a metres and modulus of elasticity Sma newtons. The other end of the string is attached to a
fixed point O on a smooth horizontal plane. The particle is held at rest on the plane with the
string stretched to a length 2a metres and then released at time t = 0. During the subsequent
motion, when the particle is moving with speed v m s™!, the particle experiences a resistance
of magnitude 4mv newtons. At time t seconds after the particle is released, the length of the
string is (& + X) metres, where 0 <x<a.

(a) Show that, from t = 0 until the string becomes slack,

2
d—;( +4 & +5x=0
dt dt
3
(b) Hence express X in terms of @ and t.
©)

(c) Find the speed of the particle at the instant when the string first becomes slack, giving your
answer in the form ka, where K is a constant to be found correct to 2 significant figures.

(O]

P43159A 3

Figure 2
A bead B of mass m is threaded on a smooth circular wire of radius r, which is fixed in a
vertical plane. The centre of the circle is O, and the highest point of the circle is A. A light
elastic string of natural length r and modulus of elasticity kmg has one end attached to the
bead and the other end attached to A. The angle between the string and the downward vertical
is 0, and the extension in the string is X, as shown in Figure 2.
Given that the string is taut,

(a) show that the potential energy of the system is

2mgr{(k — 1)cos? & — kcos 6} + constant
(6)

Given also that k = 3,

(b) find the positions of equilibrium and determine their stability.

®
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